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Abstract. The article is related to the prediction of fracture toughness of materials with sharp inclusions. Such 

materials include particle-reinforced composites, which are currently used on a wide scale in many areas of the 

economy. Matrix and reinforcement components selected in the right proportions, when combined with each 

other, ensure better material usability (e.g. hardness, resistance to abrasive wear, high-temperature work 

capability). However, in these types of materials there is forced compatibility of displacements on an interface of 

components with different stiffness. This can cause that cracks occur at the interface. What is more, the 

reinforcement particles often have sharp corners. This results in the fact that stress fields with large gradients are 

generated in the corner/crack tip region, which consequently initiates fracture of the material. A criterion based 

on the Theory of Critical Distances (TCD) is often used to predict the fracture toughness of homogeneous 

materials. In the presented work the possibility of applying this theory for materials with inclusions was 

examined. The experimental verification of the analysed fracture criterion required the performance of the 

necessary experimental tests aimed at determining critical loads. Experimental tests were carried out on specially 

prepared specimens (homogenous material containing a sharp inclusion with single lateral crack) made of steel 

(inclusion) and PMMA (matrix), subjected to a tensile load. Values of critical loads and crack propagation 

directions were compared with the predicted values obtained from TDC. Based on the tests performed, it was 

found that the TDC method can be used to predict fractures of materials with inclusions, but some modifications 

are required.  
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Introduction 

Currently, composite materials are used on a large- scale in machine, aerospace or building 

constructions. The homogeneous components selected in the right proportions, when combined with 

each other, provide greater stiffness and strength at a lower weight. In addition, particle or dispersion 

strengthened composites have better utility features, such as hardness, wear resistance or possibility to 

work at higher temperatures.  

Composites are characterized by macroscopic heterogeneity of the structure. There is forced 

compatibility of displacements on an interface of components with different rigidity and the potential 

presence of material discontinuities, or sharp corners, causing local large stress gradients. Such 

concentrators can generate singular stress fields with qualitatively different features than in the case of 

defects located in a homogeneous material [1-9]. The resulting stress fields can be characterized by 

singularities described both real and complex eigenvalue. These factors cause difficulties related to the 

estimation of durability and strength of construction parts made of this type of material, especially in 

cases when interfacial cracks occur (analytical solutions are difficult to obtain). Fracture criteria based 

on the theory of critical distances (TCD) [10-12] or Strain Energy Density (SED) [13] may be useful 

in such problems – the use of them does not require knowledge of the analytical description of stress 

fields occurring in the sharp corners tip area. The use of such an approach has been positively verified, 

e.g. for notches located in homogeneous materials [14-17] or in bi-materials [18]. 

In literature, scientific research related to the use of TDC for the prediction of fracture toughness 

of homogeneous materials containing inclusions with sharp corners can rarely be found. Therefore, the 

main objective of the presented work is to experimentally verify, for homogeneous materials with 

inclusions, the fracture criterion based on the classical and modified TDC concept. 

In addition, in the area of interest of the author was also a comparison of strength of parts made of 

a homogeneous material, in which local stress gradient is generated respectively by inclusions and 

notches with the same tip angles. For this reason, additional strength analyses were performed for 

notched elements (with identical geometrical features as inclusions). 

Materials and methods 

The idea of the used criterion is described in the first subsection of the section. The experimental 

verification of the analysed fracture criteria required to perform experimental and numerical 
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investigations. The description of experimental test procedures and specimens is presented in 

subsection 2. The third subsection discusses numerical modelling carried out using the finite element 

method (FEM).  

1. The theory of critical distances 

At the outset, it should be emphasized that TDC is not one method, but a group of methods [10] 

that have one thing in common. This common feature is a parameter called a critical distance. The 

critical distance can specify: 

• the distance from the defect tip to the point, in which stresses in the material are determined- 

point method (PM); 

• the length of the section on which the stresses occurring in the tip area of the defect are 

averaged – linear method (LM) ; 

• the characteristic dimension of the plane figure on which surface the stresses in the material 

are averaged – surface method (AM) ; 

• the characteristic dimension of the solid body inside which the stresses are averaged – the 

volume method (VM). 

The choice of the method (PM, LM, AM, VM) depends on the type of the defect, material or load 

conditions. What is more, in literature, the PM method is often classified as a local criterion, while the 

remaining methods are classified as non-local criteria.  

When estimating the fracture toughness of the material using TDC techniques, the stress (assigned 

to the critical distance) is compared with the critical one. In the prediction process, the classical [19-

21] or the modified [9; 22-24] TDC concept can be used. Modifications of the classical approach 

generally rely on various interpretations of the critical distance, critical stress and the stress which is 

assigned to the critical distance (what is described in more detail further in this section).  

Despite the fact that TDC concept has been known for over 50 years, it still attracts special 

interest from engineers. The reason for this is the development of numerical methods, e.g. FEM [25], 

which allow to easily determining the stresses in the tip area of material defects, such as sharp corners, 

inclusions, etc. Numerical analyses eliminate the necessity of applying analytical solutions 

(description of stress fields). Moreover, such analyses can be performed for any load conditions 

(static, dynamic) and take into account (together with experimental research) piezoelectric, frictional 

and flow aspects [26-35].  

In this paper, for the prediction of fracture toughness (estimation of critical loads at which damage 

of specimens can be expected) both the classic and modified approach are used, what is described 

below. 

1.1. Classic approach - linear method LM 

In the classic LM it is assumed that the crack initiation process takes place, when the principal 

stress σI, averaged over the distance 2L, reaches (Fig.1) the critical value σo called inherent strength:  
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Fig. 1. Graphical interpretation of the point method criterion (LM) 
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Typically, it is assumed that the direction of the critical distance is perpendicular to the direction 

of the principal stresses. Both L and σo are treated as material constants. Methods of their 

determination have been discussed, e.g. in [24; 36].  

It should be emphasized that the critical stress, with the exception of ceramics, is different from 

the tensile strength σu (usually σu < σo). It is, however, worth mentioning that the classic approach is 

recommended for blunt notches problems. For elements with sharp defects, modified approaches, 

based on Linear Elastic Fracture Mechanics (LEFM ), are rather used. 

1.2. Linear Elastic Fracture Mechanics approach 

The criterion often used, based on LEFM, is the criterion proposed by Novozilow [37]. In this 

criterion it is assumed that the fracture process will occur, when the hoop stress σφ averaged over a 

certain distance reaches a critical value (equal to the tensile strength σu), causing decoherence of the 

material (Fig. 2). This condition can be written as follows: 
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Fig. 2. Graphical interpretation of the Novozhilov’s fracture criterion 

The discussed criterion, apart from determining critical load values, allows determining the 

propagation direction (ϕo), which corresponds to the maximum value of averaged hoop stresses. The 

value of the parameter d0 determining the length of the critical distance can be determined from well-

known fracture criteria, e.g. the Griffith-Irwin criterion: 
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By transforming formula (3) one obtains: 
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where KIc – fracture toughness of a material.  

2. Experimental investigations 

2.1. Materials and test specimens 

The experimental tests carried out were intended for determining the critical loads (forces at 

which damage of specimens is achieved) and the fracture toughness of a material (KIc). Three types of 

specimens were used: with sharp inclusions, notched and cracked. The method of preparation of the 
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specimens used in the tests (along with their geometric and material characteristics) is described 

below. 

a) Specimens with sharp inclusions 

Specimens composed of two parts with different mechanical properties were made. First, 

symmetric sharp notches with tip angles 60º and 90º were cut in PMMA (Poly(methyl methacrylate)), 

and then a matching element made of S235JR steel was glued into the cut-out space. So as to ensure 

the formation of cracks on the bottom surface along the inclusions, only the upper surfaces of both 

parts (thick line in Figure 2a) were adhesively bonded together (Loctite 401 adhesive). The adhesive 

has been selected so that its stiffness properties are similar to those of PMMA. Therefore, it was 

possible to confirm the assumption that the homogeneous material with inclusions is modelled, rather 

than the three-layer composite material. 

b) Notched specimens 

Double edge notched specimens (with the tip angles of 60º and 90º) were made of PMMA, as 

shown in Figure 3c. The shapes and depths of notches are the same as those for specimens with 

inclusions. The specimens were used to compare the influence of various defects (notch/inclusions), 

with identical geometry, on the strength of the material in which these defects are located. 

c) Cracked specimens 

The specimens were prepared by mechanical incision of two symmetrical edge cracks with a 

length of 22 mm. The specimens were used to determine the fracture toughness of PMMA (due to the 

thickness of the used specimens, literature data could not be assumed). 

a) 

 

b) 

 

c) 

 

Fig. 3. Test specimens: a – geometrical features (1 – S235JRl, 2 – PMMA, 3 – overlays, 4 – adhesive 

layer); b º specimen with inclusions; c – notched specimen (after damage) 

Table 1 lists the values of material properties of the materials of which the specimens are made. 

Table 1 

Values of Young’s modulus and Poisson’s ratios for steel S235JR and PMMA 

Steel Young’s modulus, MPa Poisson’s ratio 

S235JR 2.1*105 0.3 

PMMA 3.3*103 0.3 

2.2. Test procedures  

The tests were carried out on the INSTRON 8502 strength machine, enabling the registration of 

the loading force F in the function of the displacement of the work handled. The values of the critical 

load Fc were determined on the basis of the force vs. displacement graph – F(d). The critical load was 

the value of the force corresponding to the load recorded at the moment when the graph F(d) showed a 

sudden increase in displacements with a simultaneous decrease in the force F. 

As already mentioned, cracked specimens, for which the critical loads Fc were experimentally 

determined, were used to determine the fracture toughness. Based on the critical loads and using the 

formula (18) [38], the fracture toughness was determined. 
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where σ = Fc/(wg), ω = 2a/w, w = 95 mm, g = 5 mm, a = 22 mm.
 
 

3. FEM modelling 

The test specimens were modelled by FEM using the ANSYS environment. The specimen 

geometry and material properties were identical to those used in the experimental studies (described in 

section 3). Figure 5 shows the division into finite elements and boundary conditions of arbitrarily 

selected samples. Because of the symmetries, only halves of the specimens were numerically 

modelled. 

1

3· 10-6·a

σ σ

symmetry

a

 

Fig. 5. Boundary conditions and division into finite elements of notched specimens with tip angle β = 60º 

Plane specimens were described with quadrangle, eight-node finite elements with increased 

refinement (according to the arithmetic series) in the tip area, with triangular degenerated elements 

surrounding a singular point. 

The left edge of the samples is extensioned with the load σ = 1 MPa, and the right one slidably 

supported. As regards support conditions of the lower edge, symmetry conditions are set on it. As for 

the modelling of specimens with inclusions, as already mentioned, they can be treated as a 

homogeneous material with sharp inclusion. Therefore, the adhesive layer was not included in the 

prepared numerical models. As for the connection conditions of individual components, the nodes 

lying at the interface were shared between both materials. There was not allowed slip between 

components on the interface. The numerical calculations are carried out for the plane stress state. 

Numerical tests were aimed at determining the stresses, which are necessary for prediction with 

the use of chosen fracture criteria. 

Results and discussion 

In the experimental tests, for individual types of specimens, the values of critical forces Fc (Table 

2) and directions of crack propagation ϕ0 were determined. The fracture process, as could be expected, 

was initiated at the tip of inclusions/notches. Cracks propagated in PMMA. The crack propagation 

directions were always perpendicular to the direction of stress σ (Fig.5). Thus, according to Figure 2, 

the propagation directions ϕ0 were always equal to 180º. 

To test selected strength hypotheses, it was necessary to determine the material parameters. As the 

crack propagation took place in PMMA, these parameters were determined (own studies and literature 

data) for this material, and their values are presented in Table 2. 

Table 2 

Strength parameters used in the tested hypotheses 

Parameter PMMA 

σo, MPa 136 [36] 

L, mm 0.06 [36] 

KIc, Mpa·mm
1/2

 33.14(5) 

σu, MPa 85.3 [39] 

do, mm 0.096(4) 
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The predicted critical load was calculated from the following condition: 

 ,c

k

DRσ

σ σ
=  (6) 

where σ = Fc/(wg) = 1 Mpa

 

– load applied in FEM models, at which stresses at critical distance 

were determined; 

σk = Fk/(wg) – load at which theoretically the initiation of the fracture process should 

occur; 

 
Dc – critical stress (for LM – Dc = σo, for the Novozhilov criterion – Dc = σu), 

 
R̄σ – averaged stress determined (by FEM) at the critical distance.  

In the case of the LM criterion, corresponds to the principal stress (R̄σ = σ̄I(2L, φ0)). In the 

Novozhilov criterion, the hoop (R̄σ = σ̄φ(d0, φ0)) is used. 

Formulas (6) can be transformed into a form that allows determining a theoretical damage load 

(stress) σk (7):  

 k cD
Rσ

σ
σ = .  (7) 

Or the force at which the fracture process will be initiated (8): 

 c

cF
R

D F

σ
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The values of the critical forces Fc obtained from the experimental tests and tested hypotheses are 

presented in Table 3.  

Table 3 

Values of critical forces Fc obtained from experimental tests (standard deviations in brackets) 

and tested hypotheses 

Prediction 

LM 

Prediction 

Novozhilov 
Specimen 

type 

Experiment 

Fc, N 
Fc, N 

Percent 

Difference, 

% 

Fc, N 

Percent 

Difference 

Δ, % 

Inclusion, 

β = 60º 
1454 [19] 1721.52 18.40 1346.24 7.41 

Inclusion, 

β = 90º 
1966 [433] 1946.27 1.00 1762.87 10.33 

Notch, 

β = 60º 
1669 [62] 1812.21 8.58 1733.37 3.86 

Notch, 

β = 90º 
2258 [180] 2210.05 2.12 2143.81 5.06 

experiment prediction

experiment

100 %
Fc Fc

Fc

−
∆ = ⋅  

Comparing the critical forces determined using the tested hypotheses with the experimental data, 

it can be seen that generally better predicting accuracy is obtained using the LEFM (Novozhilov 

criterion) approach. Moreover, when using the classic approach (LM), the predicted damage load is 

greater than that determined from the Novozhilov criterion. Therefore, from a practical point of view, 

in the design process it is advisable to use the Novozhilov criterion for this type of element. 

On the basis of the fracture criteria, crack propagation directions ϕ0 can also be determined. The 

directions determined for all types of samples (the direction perpendicular to the direction of the 

principal stress -LM, the direction in which the hoop stress takes the maximal value – the Novozhilov 

criterion) were consistent with the experimental data, as shown in Figure 6. 
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a) 

 

b) 

 

Fig. 6. Distribution of averaged stress in the tip area of inclusions:  

a – principal stress; b– hoop stress, β = 90º 

Conclusions 

1. Comparing the values of critical forces obtained from the tested hypotheses with the 

experimentally determined values, it can be concluded that: 

• the critical forces determined from both hypotheses coincide with the experimental data 

(maximum error 18.4 % (specimen with inclusion, LM method), minimum error 1 % (notched 

specimen, LM method); 

• for specimens with smaller tip angles, more accurate results (7.4 % error (inclusion) and 

3.86 % (notch)) are obtained using the Novozhilov criterion; 

• the determined critical forces with the use the Novozhilov criterion take lower values than 

those from the LM-based approach, therefore, this criterion should be used to predict the 

strength of elements with notches and inclusions; 

• the directions of crack propagation, determined through both hypotheses, are consistent with 

the experimental data. 

2. The specimens with sharp inclusions with delamination cracks were destroyed at a lower load 

than the notched specimens (at the same tip angle of inclusions and notches). The presence of 

inclusions with cracks weakens the materials more than the presence of the notch. 

3. Greater accuracy in predicting fracture can be obtained, e.g., by applying a different stress than 

the hoop one [18] in the Novozhilov hypothesis, or by using a criterion based on the stress 

intensity factor [40-43]. The use of this approach to predicting critical loads (for elements with 

inclusions) is planned by the author. 
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